Introduction
Mechanical testing of freestanding films offers many advantages over other methods, as it avoids the complicating role of the substrate whose properties strongly affect the test for thin films, circumvents complicating factors associated with surface conditions and the film-substrate interface, and leads to simpler stress distributions that are more easily connected to measured forces and displacements. Some examples of experiments on freestanding films include the uniaxial tensile test (Haque and Saif, 2002; BenDavid et al., 2014) , the bulge test (Small and Nix, 1990; Vlassak and Nix, 1992; Poilane et al., 2000; Zheng et al., 2000) , and a membrane deflection technique (Espinosa and Prorok, 2001; Espinosa et al., 2003) . While attractive in many respects, these experimental methods require nearly defect-free films without pinholes or porosity, and as such are not feasible for many material systems, such as polymers, biological membranes, and porous low-k dielectrics. Indentation testing of freestanding films is increasingly feasible with the growing availability of increasingly sophisticated nano-mechanical testing systems (Liu and Ju, 2001; Ju et al., 2002 Ju et al., , 2004 Scott et al., 2004; Leseman and Mackin, 2007) . The mechanics of spherical indentation of freestanding circular thin films has been previously studied by Begley and Mackin (2004) , and since then, their results have been widely cited as a standard to extract mechanical properties from indentation testing of freestanding films (Scott et al., 2004; Leseman and Mackin, 2007; Chua and Oyen, 2009; Rausch and Kuhl, 2013; Kang et al., 2013) .
A schematic diagram of the geometry under consideration is shown in Fig. 1 . In a typical setup, an elastic membrane with an elastic modulus E, Poisson's ratio ν, thickness h, and radius a is clamped at the perimeter before indentation. A frictionless spherical indenter of radius R is brought into contact with the membrane by applying a transverse load P 0 at the center of the membrane. The maximum transversal displacement of the noncontact region is denoted by w 0 , the centerline displacement of the membrane is denoted by d, and the corresponding contact radius is denoted by c. To limit indentation stress and avoid highly localized deformation such as cracking and yielding, the indenter radius must be a significant fraction of the freestanding span, which implies that the point-load solutions, such as the well-known Schwerin solution (Schwerin, 1929) , must be replaced by analyses that include explicit treatment of the contact region.
The most widely cited results from the article by Begley and Mackin (2004) are the approximate closed-form solutions as summarized below. The closed-form solutions are obtained by adopting the classic Föppl-Hecky small finite-deflection theory (Föppl, 1907; Hencky, 1915; Bhatia and Nachbar, 1968; Jin and Wang, 2008) and developing two different approximations: one for the contact zone and one for the freestanding region. For the contact region approximation, it has been assumed that stretch ratios are approximately equal to the average radial stretch. To describe the response of the freestanding region, it has been assumed that circumferential strains are negligible in comparison to radial strains. The approximate solutions in each region are related through the indenter load, which is used to determine integration constants at the edge of each region. According to the approximate solutions, the contact radius as a function of applied load is given by c R π
where the prestrain ϵ 0 is related to the prestress used in this paper by ν N Eh ϵ = (1 − ) / 0 0
. Inside the contact region, the indentation strain is given by
The load-deflection response of the membrane is given by 
In the limit of zero prestrain, Eq. (3) simplifies to
Clearly, the approximate solution does not satisfy, simultaneously, both equilibrium equations and continuity of displacements, and hence is not asymptotically exact. When the indenter radius is much smaller than that of the circular membrane, it is reasonable to assume the applied force as a point load, however, the approximate solutions provided by Begley and Mackin (2004) do not converge to the Schwerin-type point-load solution (Schwerin, 1929; Komaragiri et al., 2005; Jin and Wang, 2008) as R a / → 0. In fact, the approximate solution predicts an infinite deflection under a central point load. Moreover, in such spherical indentation experiments, either radial stress (Bhatia and Nachbar, 1968) or radial displacement (Scott et al., 2004) can be prescribed at the boundary of the circular film, but the approximate solution does not consider the effect of different boundary conditions.
It is important to note that the first study to explicitly include treatment of the finite contact region during indentation of membranes was provided by Bhatia and Nachbar (1968) . Föppl-Hecky theory was applied to study the mechanics of spherical indentation, but as illustrated by these authors, rigorous asymptotic solutions require that the integration constants be determined by matching the solution inside the contact region to the solution in the freestanding region, which is a fairly complicated procedure that only yields closed-form results in two limiting scenarios: the "small loads" scenario, which yields a simple linear expression for load-deflection behavior; and the "large loads" scenario, which yields nonlinear load-deflection behavior and requires numerical solutions. C. Jin et al. J. Mech. Phys. Solids 100 (2017) 85-102 The work presented here significantly extends the previous contributions by providing an exact analytical solution to the governing equations of Föppl-Hecky membrane indented by a frictionless spherical indenter. The exact solution does not have the limitations of the approximate solution. In our analysis, at the membrane boundary, we allow either radial stress or radial displacement to be prescribed. To verify our analytical exact solutions, experiments are performed and a comparison of existing solutions with experimental results is provided.
Governing equations of Föppl-Hecky membrane
The classic Föppl-Hencky membrane theory is derived based on the assumptions that the strains are sufficiently small so that linear stress-strain relations are approximately valid and that the magnitude of rotations is sufficiently restricted (Föppl, 1907; Hencky, 1915; Bhatia and Nachbar, 1968) . In the plane of the circular membrane, there are the actions of the radial membrane force N r and the circumferential membrane force N θ . The in-plane equilibrium equation gives
Assume that the radial strain is ϵ r , the circumferential strain is ϵ θ , the radial displacement is u, and the transversal displacement is w. The relationship of the strain and the displacement for a large-deflection membrane can be written as du dr
Substituting Eq. (7) into Eq. (6) gives,
The material is assumed to follow Hooke's law, i.e. for a material with Young's modulus E and Poisson's ratio ν, we have
The out-of-plane equilibrium condition gives
where q is the force density. Integrating both sides once with respect to r gives
Free region of membrane
The noncontact overhanging part (c r a ≤ ≤ ) is not subject to any load. Therefore, the central point load applied to the indenter q r P δ r ( ) = ( ) 0 is distributed to a line at the contact edge r = c, where δ r ( ) is the Dirac delta function, and thus ψ P πr = /2 0 . Substituting Eq. (9) into Eq. (8) and making use of Eqs. (5) and (11), we obtain the following governing equations of the Föppl-Hencky membrane (Jin and Wang, 2008) :
In the presence of residual stress, we allow either radial stress or radial displacement to be prescribed: (a) w = 0, N N = r 0 at r = a; and (b) w = 0, u u = 0 at r = a. N 0 is positive for pre-tension and negative for pre-compression. It is interesting to note that in the study provided by Bhatia and Nachbar (1968) the circular membrane is pre-stretched in its plane by dead-weight loading, corresponding to boundary condition (a), while in the experiments performed by Scott et al. (2004) the radial displacement of the circular membrane is fixed at the boundary, corresponding to boundary condition (b). During the derivation of the approximate solution ), boundary condition (b) is always assumed and boundary condition (a) is never considered.
Membrane in frictionless contact with indenter
At the contact edge r = c, the condition of equilibrium of the indenter is used to obtain the following:
Following the derivation provided by Bhatia and Nachbar (1968) , the stress and displacement based on Föppl-Hencky theory can be obtained as
Based on Eqs. (19) and (20) we can obtain the maximum indentation strain, ϵ m , and centerline displacement of the membrane, d, respectively, as
Mathematical derivation of the exact solution
Introducing the dimensionless variables listed in Table 1 , we can obtain the dimensionless forms of Eqs. (13) and (14) as
Substituting Eq. (23) into (24), we obtain Radius of contact circle:
Radial membrane stress:
Residual membrane stress:
Stress and displacement in the freestanding region are given in terms of S by
The two boundary conditions become a S n at y
At the contact edge y ζ = , continuity conditions of displacement and normal stress give the following equations:
It is well known that the conditions N ≥ 0 r and N ≥ 0 θ need to hold everywhere in the Föppl-Hencky membrane for the equilibrium configuration to be physically admissible (Steigmann, 1986; Komaragiri et al., 2005; Jin and Wang, 2008) . Negative stress in any part of the membrane may open the possibility of wrinkling. Since N ≥ 0 r everywhere, the integral of Eq. (25) has the following form dS dy
which will be considered in the following three cases depending on the integration constant C 1 .
• Branch 1:
We here introduce a variable θ such that
where θ π 0 < < /2. Substituting Eq. (34) into Eq. (33) we obtain
Integrating Eq. (35) gives
where C 2 is another integration constant. Denoting θ y θ ( = 1) = m and θ y ζ θ ( = ) = n and substituting y=1 and y ζ = into Eq. (36) gives
Eqs. (31) and (32) are then transformed into the following equations:
Substituting Eq. (38) into Eq. (39) to eliminate C 1 gives
The boundary conditions at y=1 then becomes: 
Substituting Eq. (34) into Eq. (24) and making use of Eq. (35) give
Based on Eq. (22) we can obtain
By solving Eqs. (43)- (45), θ n and θ m can be obtained. It can then be used to determine w 0 and d by making use of Eqs. (46) 
To ensure that N ≥ 0 θ we substitute Eq. (36) into Eq. (49) and obtain the following relationship:
where C 1 is positive and introduce a variable θ such that
where
Integrating Eq. (52), we obtain
where C 2 is another integration constant. Substituting y=1 and y ζ = into Eq. (53) gives
Eqs. (31) and (32) can then be transformed into the following equations:
The boundary condition at y=1 then becomes 
The boundary condition at y = 1 becomes:
Based on Eq. (67) we can obtain
To ensure that N ≥ 0 for the problems with boundary condition a ( ), and ν ν = 1 − * for the problems with boundary condition b ( ). When the indenter radius is much smaller than that of the circular membrane, i.e., R a / → 0, the applied force can be assumed as a point load. In this special case, our exact solution converges to the Schwerin-type point-load solution (Schwerin, 1929; Komaragiri et al., 2005; Jin and Wang, 2008) . The complete point-load solution can be obtained by making C = 0 2 in every branch (Jin and Wang, 2008) , and the result is summarized in Table 3 ; and it has the following solution from Branch C < 0 1 : Table 3 Summary of point-load solution in parametric form. 
when ν ν 1 − ** < < 0.5. In Branch C = 0 1 , explicit analytical solutions are directly obtained as follows:
which is the well-known Schwerin solution (Schwerin, 1929) . It is valid only when ξ = 3/4 3/2 for the problems with boundary condition a ( ), or ν ν = 1 − ** for the problems with boundary condition b ( ). This is consistent with Jin and Wang (2008)'s conclusion that Schwerin's one-term particular solution is strictly valid only at zero prestretch for ν = 1/3, or a certain value of prestretch for a given Poisson's ratio.
Results and discussion
It can be seen that although our solutions are exact, their expressions are very complicated and cast in a parametric form. This is an important limitation of the current work. For ease of application, we here developed an analytical solution in explicit form for the special point-load case. For the general case, the MATLAB source codes used to generate the exact solution have been provided in Supplementary Information. 1 With the provided MATLAB codes, the users just need to specify the Young's modulus and the Poisson's ratio of the membrane, the radius and the thickness of the membrane, the radius of the spherical indenter, and the prescribed radial stress/displacement at the boundary, and the codes will then generate the load-deflection curves. 
1 The MATLAB source codes (with detailed explanatory comments) used to plot Figs. 2, 3 , 5, 6, and 7 have been provided in Supplementary Information. 
For every θ θ π (0 < < /2) n n , θ m can be obtained from the first equation in Eq. (92) and (93). We can then substitute θ m and θ n into the second equation in Eq. (92) and (93) to obtain Fλ (2 ) 3 −1/2 . The central deflection can then be obtained by substituting θ m and θ n into Eq. (80) and (83). Similarly, the contact radius can be obtained by substituting θ m and θ n into Eq. (79) and (82). The relationship among load, central deflection, and contact radius has been plotted in Fig. 2(a) . It can be seen that for this case, the Poisson's ratio of the membrane does not influence the relationship among load, central deflection, and contact radius. The normalized load Fλ (2 ) 3 −1/2 depends on both the normalized central deflection λd h / and the normalized pre-tension λ n 1/2 . Pre-tension tends to stiffen the membrane and leads to a reduction in the deflection, i.e., as the pre-tension increases, the deflection becomes smaller for a given load. The contact radius increases with increasing central deflection, and as the pre-tension increases, the contact radius becomes larger for a certain amount of central deflection. 
For every θ θ π (0 < < /2) n n , θ m can be obtained from the first equation in Eq. (94) and (95). We can then substitute θ m and θ n into the second equation in Eq. (94) and (95) to obtain Fλ (2 ) 3 −1/2 . The central deflection can then be obtained by substituting θ m and θ n into Eq. (80) and (83). Similarly, the contact radius can be obtained by substituting θ m and θ n into Eq. (79) and (82). The relationship among load, central deflection, and contact radius has been plotted in Fig. 2(b) . It can be seen that for this case, the normalized load Fλ (2 ) 3 −1/2 depends on both the normalized central deflection λd h / and the Poisson's ratio of the membrane. A larger value of Poisson's ratio gives a smaller deflection and a smaller contact radius for a certain amount of load.
For the problem with boundary condition (b), in the limit of zero prestrain, the approximate solution provided by Begley and Mackin (2004) is given by Eq. (4), which can be written in the following form:
According to the approximate solution, the normalized load P R Eha /( ) 0 3 4 does not depend on the Poisson's ratio of the membrane, but depends on the normalized central deflection Rd a / 2 and the ratio of the two radii R/a. Fig. 3(a) compares the load-deflection curves based on the approximate solution and the exact solution. It can be seen that there is a significant difference between the two solutions. The approximate solution predicts a much larger central deflection than does the exact solution for a given load.
The problem with boundary condition (b) with nonzero prestrain can be solved in a similar manner. The normalized load Fλ (2 ) 3 −1/2 depends on the normalized central deflection λd h / , the Poisson's ratio ν, and the normalized pre-tension λ n , the relationship among load, central deflection, and contact radius has been plotted in Fig. 2(c) . It can be seen that a larger value of Poisson's ratio or pre-tension gives a smaller deflection and a smaller contact radius for a certain amount of load.
When the prestrain is not zero, the approximate solution provided by Begley and Mackin (2004) is given by Eq. (3). and R/a=1.0. Again, there is a significant difference between the two solutions even when a larger indenter is used. According to the approximate solution, a larger value of Poisson's ratio gives a larger central deflection for a certain amount of load, which is the opposite trend of that predicted by the exact solution. Moreover, the approximate solution predicts a nonzero value of indenter load when the central deflection is zero, which is not realistic.
For the point-load problem with boundary condition (a), the solution can be written in the following form: and R/a=1.0, the relationship among load, central deflection, and contact radius has been plotted in (c).
d
and Mackin (2004) based on Eq. (3) does not match the experimental data. This is because during the derivation of the approximate solution , boundary condition (b) is always assumed and boundary condition (a) is never considered. We can also see that the approximate solution predicts a nonzero value of indenter load when the central deflection is zero, which is never observed in the experiments.
Experimental data have been provided by Scott et al. (2004) for the load-deflection characteristics of an elastomer film with fixed radial displacement at the boundary, which corresponds to the problem with boundary condition (b). The prestress is negligibly small, far below what can be reliably measured with nanometer displacement and nano-Newton load resolution. The elastomer film has the following properties and dimensions: E = 1.15 MPa, ν = 0.5, h = 127 μm, and a = 25.4 mm. The Young's modulus is measured from a conventional uni-axial test. The transverse load P 0 was applied at the center of the film by indenters having a hemispherical tip with different R/a ratios: R/a = 0.03, R/a = 0.14, R/a = 0.50, and R/a = 1.00. Fig. 6 plots the load-deflection curves and provides a comparison of the analytical solutions with the experimental data. It can be seen that increasing R/a decreases the central deflection for a given amount of load. A quantitative comparison among the experimental data, the approximate solution, and the exact solution has been provided in Table 4 . It can be seen that when the indentation depth is low, such as when d = 2.00 mm, neither the approximate solution nor the exact solution shows a good match with the experimental data, but the agreement between our exact solution based on Eq. (80) and (83) and the experimental data is better than that between the approximate solution provided by Begley and Mackin (2004) and the experimental data. As the indentation depth increases, such as when d = 4.00 mm, the exact solution shows fairly good agreement with the experimental data, whereas the approximate solution still significantly deviates from the experimental data. 2 We also performed experiments of spherical indentation on freestanding circular sheets made of polyethylene terephthalate (PET) and compared the existing solutions with the experimental results. While complete details of the experimental set-up are provided by Jin et al. (2016) , we here provide a brief overview. 3 The test arrangement is a circular freestanding PET sheet with fixed displacement at the boundary that is indented by finite-sized spheres. The prestress is negligibly small. A brass spherical indenter is pressed into the sheet using a positioning stage that provides an independent displacement measurement. Loads are measured using a conventional load cell. Load-deflection curves are presented for a single thickness, h = 12 μm, and span, a = 37.45 mm, and four different indenter sizes with R/a = 0.17, R/a = 0.25, R/a = 0.34, and R/a = 0.46, respectively, as shown in Fig. 7 . According to the manufacturer, the Young's modulus and Poisson's ratio of the PET sheet are E = 3.0 ± 0.2 GPa and ν = 0.4 ± 0.03, respectively. The exact solution and the approximate solution are both plotted based on E = 3.2 GPa and ν = 0.4. It can be seen that good agreement can be obtained between the exact solution and the experimental data. Figs. 6 and 7 also show that even when larger indenters are used, the approximate solution still significantly deviates from the experimental data.
Concluding remarks
To provide a more accurate solution to predict the relationship among contact radius, load and deflection, the problem of spherical indentation of a freestanding circular membrane has been revisited. This work provided an exact analytical solution to the governing equations of Föppl-Hecky membrane indented by a frictionless spherical indenter. It has been found that due to their approximate nature, the solutions from existing literature are not accurate enough under a wide range of conditions, and using the Bhatia and Nachbar (1968) . approximate solutions to extract mechanical properties from indentation testing of freestanding films may result in significant errors. Due to the development of novel micro-fabrication techniques to produce ultra-thin materials, such as carbon nanotubes and graphene (Gomez-Navarro et al., 2008; Lee et al., 2008; Poot and van der Zant, 2008; Duan and Wang, 2009; Chen et al., 2015; Cao et al., 2016) , and increasing interest in thin biological membranes, such as cornea (Ahearne et al., 2007) and lung surfactant (Alonso et al., 2004) , in recent years, the mechanical characterization of thin films has received a significant amount of attention. The exact 
